We formulate and prove the local twist version of the Yamanaka-OshikawaAffleck theorem, an extension of the Lieb-Schultz-Mattis theorem, for onedimensional systems of quantum particles or spins. We can treat almost any translationally invariant system wth global U (1) symmetry. Time-reversal or inversion symmetry is not assumed. It is proved that, when the "filling factor" is not an integer, a ground state without any long-range order must be accompanied by low-lying excitations whose number grows indefinitely as the system size is increased. The result is closely related to the absence of topological order in one-dimension.
Introduction
The Lieb-Schultz-Mattis theorem [1] , along with its various extensions [2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12] , is one of few general arguments for quantum many-body systems which apply to a wide class of models and lead to quantitative results. In the present paper we study general quantum systems on the one-dimensional lattice, including both particle systems and spin systems, which have non-integral "filling factor", and prove the local twist version of the Lieb-Schultz-Mattis theorem. The only essential requirements are the translation invariance (with period p) and the presence of global U (1) symmetry, i.e., the particle number conservation law in particle systems and the invariance under the rotation around a single spin axis (the z-axis) for spin systems. Time-reversal or inversion symmetry is not assumed. This completes the project initiated by Oshikawa, Yamanaka, and Affleck [3, 4] , who first extended the theorem to one-dimensional quantum systems with general filling factor.
As in the previous applications of the Lieb-Schultz-Mattis and related theorems, we show that a translation invariant ground state without any long-range order must be accompanied by a low-energy eigenstate. As a bonus of proving the local twist version of the theorem, we are also able to show that the number of such low-energy excitations grows indefinitely as the system size is increased.
2 This in particular means that, in a one-dimensional system with a non-integral filling, a disordered gapped ground state must be infinitely degenerate. This rigorous result is closely related to the absence of topological order in one-dimension.
Our result was briefly announced in [4] , and partially described in an unpublished note [13] . We shall here present a complete proof including that of a new result for the number of excitations (Corollary 2 and Theorem 2).
Before going into details of our theory, it may be useful to describe some background about the Lieb-Schultz-Mattis theorem and its extensions.
Lieb-Schultz-Mattis: The original Lieb-Schultz-Mattis theorem, Theorem 2 in Appendix B of [1] , was applied to the one-dimensional Heisenberg antiferromagnet with S = 1/2, which is one of the most well studied models of quantum magnets. By using a variational argument, it was proved that the model has an excited state whose excitation energy is bounded from above by a constant times L −1 , where L is the system size. This fact suggests (but does not yet prove) that the model has a continuum of gapless excitations in the infinite volume limit.
An interesting and essential point of the variational argument of Lieb, Schultz, and Mattis is that it does not rely on explicit forms of the ground state or trial states. Roughly speaking one only needs to know that the ground state |Φ GS L of the system with size L is invariant under the uniform rotation around the z-axix, i.e., exp[iθ L j=1Ŝ
One then considers a rotation in which the rotational angle θ j varies very slowly from 0 to 2π (where 2π is of course equivalent to 0) over the whole lattice as in Figure 1 (a). By applying this "global twist" to the ground state, one constructs a trial state
Since the global twist modifies the state very slightly, one can easily show that the trial state |Ψ L has an energy expectation value only slightly higher than the ground state energy. By showing that |Ψ L is orthogonal to the ground state, one proves the existence of a low-energy eigenstate.
Affleck-Lieb: Twenty-five years later, triggered by the discovery [14, 15] of the Haldane phenomena for integer spin quantum antiferromagnets, Affleck and Lieb [2] have made two essential refinements of the theory.
First they examined extensions of the Lieb-Schultz-Mattis theorem to one-dimensional spin systems with arbitrary spin S = 1/2, 1, 3/2, . . ., and found, quite remarkably, that an extension is possible only when S is a half-odd-integer, namely, S = 1/2, 3/2, . . .. Here the trial state |Ψ L constructed above has low excitation energy for any S, but one can prove that |Ψ L and |Φ GS L are orthogonal only when S is a half-odd-integer. Their second refinement is the use of a "local twist" in the construction of a trial state. The original twist operator exp[i
j ] of Lieb-Schultz-Mattis, where θ j varies slowly over the whole lattice, acts globally on the ground state. In order to discuss properties of the system in the infinite volume limit, it is desirable to use an operator which acts only locally. This is realize by a local twist operator in which θ j varies only in a finite (but large) part of the lattice as in Figure 1 (b) . By using the local twist version of the theorem, it was proved that a one-dimensional spin system with a half-odd-integer S has gapless excitations in the infinite volume limit provided that the ground state is unique. See also the discussion before Corollary 1b in section 2.2 for the importance of locality.
Oshikawa-Yamanaka-Affleck and Yamanaka-Oshikawa-Affleck: Oshikawa, Yamanaka, and Affleck [3] made an essential observation that the Lieb-Schultz-Mattis argument can be extended to a spin model in which the ground state has nonvanishing magnetization. This is relevant to the problem of quantum spin systems under external magnetic field. They found that the trial state |Ψ L , constructed in the same manner as the original Lieb-Schultz-Mattis theorem, is orthogonal to the ground state under the assumption that the "filling factor" ν = (M/L) + S is not an integer. Here the magnetization M is the eigenvalue ofŜ
in the ground state, and S = 1/2, 1, . . . is the spin quantum number. For M = 0, one has ν = S, and recovers the result of Affleck and Lieb [2] .
Yamanaka, Oshikawa, and Affleck [4] further extended their theory to systems of electrons on the one-dimensional lattice. Now the key quantity ν can be naturally interpreted as the filling factor of electrons. We believe that the two papers [3, 4] played essential roles in extending the scope of the Lieb-Schultz-Mattis argument, and making possible many recent applications of the argument to much wider class of systems.
In [3] and in the earlier version of [4] , only the global twist was used to construct trial states. This is because the technique used in [2] to prove the orthogonality of the ground state and the (locally twisted) trial state was not applicable to models with a general non-integral filling factor. Our contribution in [13] and in the present paper is construction of trial states orthogonal to the ground state in such a situation.
In all the early works [1, 2, 3, 4] , it was assumed that the system under consideration possesses time-reversal or inversion symmetry. This assumption was removed by Koma [5] , who applied the technique of local twist to quantum Hall systems on a quasi onedimensional strip. See also [6] for this and other extensions.
Extensions to higher dimensions: To properly extend the Lieb-Schultz-Mattis theorem to systems in two and higher dimensions is quite important, especially because higher dimensional systems may exhibit rich low-energy behavior associated with various topological order [16, 17] . It was known from the beginning however that a naive extension is problematic since a global twist in a d-dimensional lattice increases the energy of the ground state by a constant times L d−2 where L is the linear size of the system [1] . The energy increase converges to zero as L ↑ ∞ only for d = 1.
A breakthrough was brought by Oshikawa [7] , who proposed to make use of a combination of a flux insertion and a gauge transformation instead of the twist operation. He argued that when the filling factor is not an integer, a ground state is either degenerate or accompanied by a gapless excitation. Hastings [8, 9] proposed a similar argument for extending the Lieb-Schultz-Mattis theorem to higher dimensions, which was finally refined into a rigorous theorem by Nachtergaele and Sims [10] .
Although the conclusions of these higher dimensional extensions of the Lieb-SchultzMattis theorem are parallel to that of the original one-dimensional theorem, the ideas behind the proofs seem different. Another essential difference is that there can be no local twist version of the Lieb-Schultz-Mattis argument in two or higher dimensions. By a local twist we mean an operation which acts only on a finite subregion (e.g., × · · · × box) of the lattice. This point will be discussed at the end of section 2.2.
For recent (not yet completely rigorous) refinements of the Lieb-Schultz-Mattis argument (or, more precisely, Oshikawa's argument) which take into account the space group symmetry in higher dimensional systems, see, e.g., [11, 12] .
Systems of spinless particles on the one-dimensional lattice
In the present section we shall describe our assumptions (section 2.1) and results (section 2.2) carefully in the setting of spinless particles on the one-dimensional lattice. We believe that one can see the essence of the theory in this simple setting. We also discuss some trivial examples in section 2.3. Proofs are given separately in section 3. All the results are easily extended to more realistic systems as we shall see in section 4. We discuss extensions to a general class of quantum spin chains invariant under rotation about a single axis, a general class of lattice electron systems including the Hubbard model, and a class of tight-binding electron systems in which the positions of the lattice sites are also treated as quantum mechanical degree of freedom.
Setting
We consider a one-dimensional lattice with pL sites, where the fixed positive integer p represents the period (or the number of sites in the unit cell), and L is a sufficiently large positive integer. We denote the lattice sites as j, k = 1, . . . , pL, and use periodic boundary conditions to identify j with j + pL. With each site j, we associate operatorŝ c j andĉ † j which annihilates and creates, respectively, a particle at site j. We can treat either fermions with canonical anticommutation relations
jĉ j is the number operator at site j. LetT be the operator which generates the translation j → j + p. It thus satisfies, e.g.,
We consider a general local Hamiltonian which conserves the total number of particles, and is invariant under translation by p. More precisely we definê
where the first term represents particle hopping and the second term the interaction. The hopping amplitude t j,k satisfies 3 t j,k = (t k,j ) * ∈ C. They are periodic t j,k = t j+p,k+p , and short ranged, i.e., t j,k = 0 whenever j = k or |j − k| > r where the range r is a fixed constant. We definet
which is a finite quantity that characterizes the magnitude of the hopping. The interactionV j is an arbitrary Hermitian operator which depends only onn j ,n j+1 , . . . ,n j+r . The simplest examples areV j = v
jn j (n j − 1) for bosons (where the first term is the on-site potential and the second term is the on-site two-body interaction) and
jn jnj+1 for fermions (where the second term is the nearest-neighbor interaction). We assume the periodicityT †V jT =V j−p . The total Hamiltonian then becomes translation invariant,T †Ĥ LT =Ĥ L . Note that various quasi one-dimensional models defined, e.g., on a ladder can be written in the present form. See Figure 2 for an example.
Let the filling factor (per unit cell) ν be an arbitrary real quantity with 0 < ν < p for fermions and ν > 0 for bosons. We set the particle number as N = [νL], where [x] denotes the largest integer which does not exceed x. We consider the Hilbert space with exactly N particles on the lattice. In what follows, we shall fix t j,k ,V j , p, r, and ν, and let L and N become macroscopically large.
Let |Φ GS L be a ground state ofĤ L which is translation invariant, i.e.,
for some κ ∈ R. One can always find a ground state satisfying (4) since the Hamiltonian is translation invariant. When the ground state (for finite L) is unique (4) is automatically satisfied. We denote by E GS L the ground state energy.
Main results
Let us first recall the theorem by Yamanaka, Oshikawa, and Affleck [4] , in which the original Lieb-Schultz-Mattis theorem was extended to the class of models described in the previous section (and also those treated in section 4). It will turn out that this is a special case of Corollary 1a below.
Theorem 0: (Yamanaka, Oshikawa, and Affleck [4] , Koma [5] ) There is a unitary operatorÛ L , which is obtained by setting = L in (13) , such that Φ 
This theorem makes use of the "global twist" applied to the ground state. Let us describe our results based on the "local twist". For = 1, 2, . . . , L, we define the density operator
Note that the translation invariance implies
We also define ∆ρ :=ρ − ν.
Then our first result is the following. It follows from a more mathematical statement summarized as Theorem 1 in section 3.
Corollary 1a: Suppose that the filling factor ν is not an integer, and the variance Φ
can be made as small as one wishes by letting large (where L is assumed to be much larger than ). Then, for sufficiently large , there exists a local operatorŴ which depends only onn j with j = 1, . . . , p , and satisfies
and Φ
GS
where the (L independent) constant C is given by
We first check that Theorem 0 is a special case of Corollary 1a. If we set equal to L, then the operatorŴ coincides with the global twist operatorÛ L in Theorem 0. Moreover the operatorρ L is equal to the constant N/L = ν + O(L −1 ) in our Hilbert space, and hence we always have
; the condition about the variance in the corollary is automatically satisfied.
We next consider the opposite case with
is the variance 4 of the density within the interval [1, p ] , it usually decreases toward zero as grows.
decays to zero as |j − k| ↑ ∞ (where L is supposed to grow properly). Note that truncated correlation functions fail to decay only when the state has long-range order. To sum the condition about the 4 To be very precise, this quantity may be slightly different from the variance since (6) . But this difference is negligible for large L.
variance in Corollary 1a is satisfied if the ground state does not exhibit any long-range order.
Remarks: 1. More precisely truncated correlation functions fail to decay when the ground state has long-range order but does not exhibit corresponding spontaneous symmetry breaking. In such a situation there exist more than one infinite volume ground states. See example 4 of section 2.3 for a simple example and [18] for a general theory.
(constant) = 0, and the assumption for Corollary 1a is not satisfied, one can follow Watanabe [19] 
Note that can be made as large as one wishes (provided that L is large). This proves the existence of a low-energy eigenstate.
We stress that the trial stateŴ |Φ GS L is obtained by applying the local twist operator W onto the ground state |Φ GS L . The locality may be natural from an experimental point of view since one normally excites a ground state by using some local operation. However the main motivation for considering local twist in [2] comes from the treatment of the infinite volume limit. When one lets L ↑ ∞, it may happen that the ground state |Φ GS L and its global twistÛ L |Φ GS L converge to a single infinite volume state. In this case one does not obtain any information about excitations (in the infinite volume limit) fromÛ L |Φ GS L . If one uses the local twist operatorŴ with a large but fixed , then it is guaranteed that |Φ
By following Affleck and Lieb [2] one can make this observation into a mathematical argument to prove the following from Theorem 1. See [2] (and also [18] ) for precise formulation of infinite systems.
Corollary 1b: When ν is not an integer, the infinite volume limit of the model has either (a) more than one ground states or (b) a unique ground state with gapless excitations.
5 To be precise, one lets
To show the latter variational estimate, we use the identity
may differ globally even whenŴ is local. See example 2 in section 2.3.
Here we shall stick onto finite systems, and see another implication of the results based on the local twist.
Take some positive integer s, and consider the operatorT sŴ (T † ) s , which is the translation ofŴ by a distance sp. It is expected in many cases that the trial stateŝ
are distinct for sufficiently large s. This suggests that one can construct multiple trial states which are linearly independent and also have low excitation energies.
The following is the rigorous result in this direction, which follows from Theorem 2 stated and proved in section 3.
Corollary 2: Suppose that the filling factor ν is not an integer and the expectation value Φ
can be made as small as one wishes by letting s large (where L is assumed to be sufficiently large). Take any (small) λ > 0 and a (large) positive integer n. Then one can find a sufficiently large L such that there are n eigenstates |Ψ
ofĤ L which are mutually orthogonal and orthogonal to |Φ 
of complicated local operators (Ŵ ) † andT sŴ (T † ) s . Thus the assumption is valid if the ground state does not exhibit any long-range order.
To summarize we have proved that, in a one-dimensional system (which belongs to the class we consider) with a non-integral filling factor ν, one has at least one of the following two alternatives.
(A) The ground state exhibits a certain long-range order. (B) There exist low-energy eigenstates whose number increases indefinitely as L grows.
A gapless system which possesses a continuum of excitations directly above the ground state falls into the case (B).
To see the implications on a gapfull system, assume that there is a model which has ground states and near ground states with almost degenerate energies, separated by a finite gap of order 1 from other energy eigenstates. More precisely, we assume that there is very small ε > 0 and a finite gap γ > 0, and there are no energy eigenvalues in the interval (E GS L + ε, E GS L + γ). By using Corollary 2 by setting λ γ, we see that all the n energy eigenstates |Ψ
and hence are near ground states. We thus conclude that the degeneracy of near ground states must grow indefinitely with the system size L.
We can thus refine the alternative (B) above as follows.
Conclusion:
In a one-dimensional system (which belongs to the class we consider) with a non-integral filling factor ν, one has at least one of the following three possibilities.
(A) The ground state exhibits certain long-range order.
(B1) The system is gapless and there exist low-energy eigenstates whose number increases indefinitely as L grows.
(B2) The system is gapfull and the ground state degeneracy (more precisely, the number of near ground states) increases indefinitely as L grows.
In particular we have completely ruled out the possibility (C) There are a finite number 7 of (near) ground states which do not have long-range order and are separated from other energy eigenstates by a nonvanishing gap.
There are many examples of systems with non-integral ν which show behaviors corresponding to (A), (B1), or (B2). The case (A) is realized, e.g., in a system with crystalline ordering (see example 4 in section 2.3). The case (B1) may be most common, and can be seen in free (or weakly interacting) fermion systems (see example 1), or quantum antiferromagnetic chains with half-odd-integer spins. The case (B2), on the other hand, may be realized in systems with trivial degeneracy such as example 3.
There are, on the other hand, one-dimensional systems with an integer filling ν which have a unique ground state accompanied by a nonvanishing gap but do not exhibit long-range order. This corresponds to the case (C). Examples include free fermions (see example 1) and quantum antiferromagnetic chains with integer spins. In this sense the Lieb-Schultz-Mattis argument sharply characterizes the difference between systems with integral and non-integral filling factors.
As we have noted in the introduction, extensions (with various degrees of rigor) of the Lieb-Schultz-Mattis theorem to two and higher dimensions are known [7, 8, 9, 10] . Roughly speaking one can show a conclusion similar to that of Theorem 0, i.e., a system with a non-integral filling factor inevitably has at least one low-energy eigenstate other than the ground state. But, in two or higher dimensions, there are no results that correspond to Corollary 2. We believe that this is inevitable since there are higher dimensional systems with a non-integral filling which are believed to exhibit the behavior (C) above. For example the fractional quantum Hall system on a torus with ν = 1/3 is believed to have three-fold degenerate (or near degenerate) gapped ground states without any long-range order. This is a typical example of topological order (see, e.g., [16, 17, 20] ). The fact that the case (C) is ruled out in one-dimension is thus closely related to the absence of topological order in one-dimension [21, 16, 17] . 8 Recall that Corollary 2 is based on the construction of trial states using the local operatorŴ . If it was possible to prove a local twist version of the Lieb-Schultz-Mattis theorem in two or higher dimensions, it would contradict the above belief about the 7 More precisely we mean that the number of near ground states are bounded when L grows. 8 Antiferromagnetic quantum spin chain with S = 1 exhibiting Haldane phenomena is known to possess a kind of hidden order. But this is related to symmetry protected topological phase, not to topological order. See, e.g., [16, 17] . ν = 1/3 fractional quantum Hall effect. This observation may reflect a fundamental difference between one and higher dimensions about the structure of low-energy eigenstates in quantum many-body systems.
Simple examples
We shall discuss simple examples which illustrate the classification given in Conclusion. We hope these trivial examples may help the readers grasp the essence of the classification. We stress, however, that our results are general and apply to nontrivial models whose properties are not easily understood.
Free fermions:
Consider a free fermion system obtained by settingV j = 0 for all j. The energy eigenstates are fully determined by the band structure that is obtained from the hopping matrix (t j,k ). Assume that the p bands have nonvanishing dispersion and are separated by a nonzero (single-particle) energy gap.
When ν is an integer, the lowest ν bands are fully filled in the ground state, and there is a nonvanishing gap. This corresponds to the case (C).
When ν is not an integer, then one of the bands is partially filled in the ground state, and there is a continuum of gapless excitations. If one turns on sufficiently weak short-range interaction, the low-energy behavior of the system is likely to be described as a Tomonaga-Luttinger liquid. Hence the ground state remains to be unique and gapless. These are examples of (B1).
2.
Fermions with nearest-neighbor repulsive interaction at ν = 1/2: This is a toy model of Mott insulator. Consider a system of fermions with t j,k = 0 for any j, k, andV j = v 0njnj+1 where v 0 > 0. The model has period p = 1. Assume that L is even, and set N = L/2 to have ν = 1/2. Clearly there are two ground states |Φ is the state with no particles on the chain.) This may seem to be the case (C), in apparent contradiction with our conclusion. But this example should be classified as (A), i.e., there is longrange order.
To see this, take two translation invariant ground states
9 |Φ GS,± L := {|Φ GS,even L ± |Φ GS,odd L }/ √ 2,
and denote the corresponding expectation values as · · ·
. One easily finds that n j ± = 1/2 for any j, while n jnk ± = 1/2 if j − k = 0 is even and n jnk ± = 0 if j − k is odd. Thus the truncated correlation function n jnk ± − n j ± n k ± oscillates between 1/4 and −1/4, and never decays. This is an indication of long-range order without symmetry breaking.
Let us note in passing that in this model one has ∆ρ = 0 in any of the above ground states provided that is even. This means that Corollary 1a (not Corollary 2) happened to be valid in this model, in spite of the presence of the long-range 9 If one adds a small hopping t j,j+1 = t = 0, then one of |Φ GS,± L becomes the unique ground state and the other becomes the near ground state with almost degenerate energy.
order. It is indeed not hard to see that |Φ

GS,∓ L
∝Ŵ |Φ
GS,± L
. Note also that, in this case, the application of the local operatorŴ modifies the ground states |Φ GS,± L in a global manner.
3. Fermions with nearest-neighbor repulsive interaction at ν < 1/2: Take the same model but suppose that N/L = ν < 1/2. Then any particle configuration in which two particles do not occupy neighboring sites gives a ground state, and there is a gap v 0 > 0. Since the ground state degeneracy grows indefinitely as L grows, one sees that this is an example of (B2).
Fermions with nearest-neighbor attractive interaction:
This is a toy model example in which the assumption of Corollary 1 does not hold. Set t j,k = 0 for any j, k, and
. . , L, in which N particles are forming a single cluster. Note that these ground states spontaneously break the translation symmetry.
A translation invariant ground state can be formed as |Φ
. An inspection shows that, in this ground state, the densityρ is almost 1 with probability ν and is almost vanishing with probability 1 − ν, provided that
ν, and hence the condition for Corollary 1 is never satisfied no matter how large is.
Proof
We shall prove all the results within the setting of spinless particles. We stress that all argument here can be easily extended to general models treated in section 4.
For any positive integer with ≤ L, we define an unitary operator bŷ
with
where [x] in (14) is the largest integer that does not exceed x. See Figure 1 (b) . We have defined θ j for j > p for later convenience. As we noted earlierÛ L is the global twist operator constructed originally in [1] . When L, the operatorÛ describes a "local twist" in the range 1 ≤ j ≤ p .
Note that for any θ ∈ R, one trivially has
because pL j=1n j is always equal to N in our Hilbert space. This is the global U (1) invariance, which is essential to the Lieb-Schultz-Mattis argument. Since θ j of (14) varies slowly with j, it is expected that the unitary operatorÛ changesĤ L only slightly. See (18) below. This observation leads to the following lemma [4, 5] which shows that the twisted stateÛ |Φ GS L has a small excitation energy.
Lemma 1: For any and L such that max{1, 2r − p} ≤ ≤ L, one has
where the (L independent) constant C is given in (11).
Proof: By using the easily verifiable relations
Note that we have extended the sum to that over the whole lattice (recall that θ j = 2π for j > p ). By replacing θ j with −θ j , we also havê
Let us abbreviate ground state expectation values Φ
as · · · . Then the energy difference defined in (16) is bounded as
where the second line follows from the trivial inequality
, and we used (18) and (19) to get the final expression. We can bound the correlation function in the right-hand side of (20) by using the Schwarz inequality 11 as
10 This seemingly trivial observation in [5] was essential in removing the assumption about timereversal (or inversion) symmetry.
11 For any operatorsÂ,B, one has Â †B 2 ≤ Â †Â B †B , where · · · is any expectation value.
The first factor in the right-hand side of (20) is bounded by using cos
with ∆θ j,k = θ j − θ k (mod 2π) is chosen to satisfy |∆θ j,k | < 2π. Recall that t j,k = 0 if |j − k| > r. This means that ∆θ j,k contributing to the sum in the right-hand side of (20) always satisfies
Noting that θ j = 0 (mod 2π) unless p+1 ≤ j ≤ p, we see that ∆θ j,k can be nonvanishing only when
Putting all these estimates together we get
wheret is defined in (3). Finally to make the expression simpler we note that p( − 1) + 2r ≤ (p + 1) if ≥ 2r − p, and find
which is the desired (16).
The variational estimate (16) may seem to imply thatÛ |Φ GS L is an excited state with excitation energy smaller than C/(2 ). This is indeed not the case sinceÛ |Φ GS L is in general not orthogonal to |Φ GS L . We can however prove "near orthogonality" provided that the filling factor ν is not an integer and the variance of ∆ρ defined in (7) is sufficiently small. This idea is due to Oshikawa [22] . The main key for a rigorous proof is the following inequality derived by Koma (section 5 of [5] ), who improved our earlier estimate in [13] .
Proof: Since (14) implies θ j = 0 if 1 ≤ j ≤ p and θ j = 2π if p + 1 ≤ j ≤ ( + 1)p, we can writeÛ (which is defined in (13)) aŝ
By using this expression and the definition of translation operator (1), we havê
where we noted that
Let us again write Φ
From the Schwarz inequality (see footnote 11), we then get
We thus find from (sin x)
which is the desired (26).
From Lemma 1 and Lemma 2, we get our first main result. Corollary 1 is a straightforward consequence of this theorem.
Theorem 1: Suppose that ν is not an integer, and it holds that
Then the operatorŴ defined by the following (34) satisfies (8), (9), and (10). (26) and (33), we have |α | 2 ≤ 1/2. Definê
which obviously satisfies (8) . It is also easy to see that
which is (9) . To show the bound (10) for the energy expectation value, we note that
where we used the variational estimate (16) and |α | 2 ≤ 1/2.
We move onto the second theorem about multiple low energy eigenstates. Take an arbitrary positive integer n, and letŴ
. . , n, where s 1 , . . . , s n are distinct integers. Then we have the following.
Theorem 2: Suppose that, for some L and some choice of s 1 , . . . , s n , we have
for any µ, ζ = 1, . . . , n with µ = ζ. Then there exist eigenstates |Ψ 
To prove Corollary 2 (given Theorem 2), we first chose (for given n and λ) such that 2nC/ ≤ λ. Then, with this , we choose L and s 1 , . . . , s n which make the condition (37) valid. This is always possible by the assumption of Corollary 2.
Proof of Theorem 2: Let
for µ = 1, . . . , n, which are normalized low energy states orthogonal to |Φ GS L . We first show that |Ξ (1) , . . . , |Ξ (n) are linearly independent. To see this it suffices to show that the Gramm matrix (G µ,ζ ) µ,ζ=1,...,n defined by G µ,ζ = Ξ (µ) |Ξ (ζ) is regular. Take arbitrary c 1 , . . . , c n ∈ C such that n µ=1 |c µ | 2 = 1, and note that
Here we noted that G µ,µ = 1 and |G µ,ζ | ≤ 1/(2n), which is (37), and used the trivial bound
The bound (39) implies that any eigenvalue of the Gramm matrix (G µ,ζ ) µ,ζ=1,...,n is greater than 1/2. This proves the desired regularity and hence the linear independence.
We thus see that the states |Ξ (1) , . . . , |Ξ (n) span n dimensional subspace orthogonal to |Φ GS L . We next show that any state in this subspace has a small excitation energy. Then the desired statement about energy eigenstates follows immediately. Again take arbitrary c 1 , . . . , c n ∈ C such that n µ=1 |c µ | 2 = 1, and let |Γ = n µ=1 c µ |Ξ (µ) . We
L , which is a nonnegative operator. We then have
(41) For the expectation value in the first trem we use translation invariance to see
where we used (10) . For the expectation value in the second term, we use the Schwarz inequality (see footnote 11) as
By again using (40), we thus see
which means
holds for any |Γ in this subspace.
Extensions
The Lieb-Schultz-Mattis argument applies to essentially any one-dimensional quantum system with global U (1) symmetry and translation invariance. Here we shall briefly discuss extensions of our results (and derivations) to quantum spin chains and certain electron systems.
Quantum spin chains
We treat a general quantum spin chain with arbitrary anisotropy in the z-direction. We can also include the Dzyaloshinskii-Moriya interaction or the scalar chirality term. Take the same one-dimensional lattice with sites j = 1, 2, . . . , pL. The period p and the range r have exactly the same meanings as before. For each site j, we associate a quantum spin described by the spin operatorsŜ j = (Ŝ
where the spin quantum number S j = 1/2, 1, 3/2, . . . satisfies the periodicity S j = S j+p . We can treat any short ranged translationally invariant Hamiltonian which is invariant under any global rotation around the z-axis, or, equivalently, which commutes with the total spin operatorŜ 
j . The term withJ j,k represents the Dzyaloshinskii-Moriya interaction.
12 Here the exchange interaction constants satisfy the symmetry J j,k = J k,j ∈ R, the periodicity J j,k = J j+p,k+p , and J j,k = 0 if j = k or |j − k| > r. The Dzyaloshinskii-Moriya interaction constantsJ j,k satisfy the same constraints.V j is an arbitrary hermitian operator which depends only onŜ
j+r and satisfiesV j+p = V j . A typical example, with p = 1, is the Heisenberg antiferromagnetic chain with uniaxial anisotropy under a uniform magnetic field described bŷ
where (Ŝ j ) 2 = S(S + 1) for all j with S = 1/2, 1, . . .. The original work of Lieb, Schultz, and Mattis treated the model with S = 1/2 and D = H = 0.
Let |Φ GS L be a translation invariant ground state ofĤ L which is also an eigenstate of S (z) tot with eigenvalue M . 13 We then define the "filling factor" by ν = (M/L) + p j=1 S j , which satisfies 0 < ν < 2 p j=1 S j . To make connection between the problems of particles and spins, we identify the number operatorn j withŜ (z) j + S j . Then all the results and derivations in sections 2 12 Note that this interaction can be written as D j,k · (Ŝ j ×Ŝ k ) with D j,k = (0, 0,J j,k ). Such an interaction which is not invariant under inversion (j, k) → (k, j) was not treated in the earlier works [1, 2, 3, 4] . The extension was made possible by the work of Koma [5] . See also [6] . It is also possible to include the scalar chirality term J j,k, Ŝ j · (Ŝ k ×Ŝ ). 13 For a large class of antiferromagnetic chains with vanishing magnetic field, including the model (47) with H = 0 and even L, one can show that the ground state is unique and belongs to the sector with M = 0. See [1, 23] , section 2.1 of [2] , and Remark 2 in section 3.1 of [24] . and 3 are automatically extended to the present problem. Note that the local density operatorρ now becomesρ
which is the local magnetization (in the z direction) with the additive constant which makesρ ≥ 0. Thus the condition about the smallness of Φ
in Corollary 1 or Theorem 1 refers to the fluctuation of local magnetization (which is related to the susceptibility). The twist operator, which is the key of the whole Lieb-Schultz-Mattis argument, becomesÛ
This operator rotates the j-th spin by θ j around the z-axis.
14 It is worth noting that all the trial states and the corresponding energy eigenstates lie in the Hilbert space where the eigenvalue ofŜ (z) tot is fixed to M . Such a restriction is unnecessary from a physical point of view since there can be excitations which change the eigenvalue ofŜ 
Electron systems
We shall discuss two types of tight-binding electron systems. One is the class of standard lattice electron systems such as the Hubbard model, and the other is a class of hybrid models where the positions of the lattice sites are also treated as quantum mechanical degree of freedom.
We start from lattice electron systems as in the original work of Yamanaka, Oshikawa, and Affleck [4] . The extension is straightforward. We again take the same lattice with pL sites. For each j = 1, . . . , Lp and σ =↑, ↓, we letĉ j,σ ,ĉ † j,σ , andn j,σ =ĉ † j,σĉ j,σ be the annihilation, creation, and number operators, respectively, of an electron at site j with spin σ. We consider the Hamiltonian 
where the hopping amplitude t j,k satisfies the same properties as before. The interaction V j is an arbitrary Hermitian operator which depends only onn j , . . . ,n j+r , wheren j = n j,↑ +n j,↓ , and satisfies the periodicityV j =V j+p . The simplest example is the on-site Coulomb interactionV j = Un j (n j − 1)/2 = Un j,↑nj,↓ , with which the model becomes the Hubbard model. We again fix an arbitrary filling factor ν such that 0 < ν < p, and set N = [νL]. We then consider the Hilbert space with N electrons with spin ↑ and N electrons with spin 14 In the variational estimate as in Lemma 1, it is easier to use the representation of the Hamiltonian (46) in terms of theŜ ± j operators, and use the relation corresponding to (17) . 
where only up-spin electrons are modified.
It is obvious that all the results can be extended to various lattice models in which electrons couple to fixed spin degrees of freedom. See [4] for discussion about the KondoHeisenberg model. Next, to demonstrate the generality of the Lieb-Schultz-Mattis method, we briefly discuss a model in which the positions of the lattice sites (i.e., the locations of ions forming the lattice) are treated as quantum mechanical degrees of freedom. The model is capable of describing, e.g., the Peierls instability.
Consider a one-dimensional lattice whose sites are labelled as j = 1, . . . , pL. Letr j denote the displacement of the lattice site j from its equilibrium position, andp j be the corresponding momentum. Then our Hamiltonian iŝ 
where the first two terms describe the dynamical degrees of freedom of lattice sites, and the remaining two terms describe that of tight-binding electrons. Here M j denotes the mass of the j-th ion, and V (r 1 , . . . ,r pL ) is the interaction potential. The electron part is almost the same as the previous model except that the hopping amplitude t j,k (r j ,r k ) = {t k,j (r k ,r j )} † can now depend on the position operatorsr j andr k , and the interactionV j is an arbitrary Hermitian operator which depends only onn j , . . . ,n j+r andr j , . . . ,r j+r . We assume that everything is defined so that the Hamiltonian becomes invariant under the translation by p sites.
The filling factor ν and the Hilbert space for electrons are defined in exactly the same manner as the lattice model treated above. We then define |Φ GS L to be a translation invariant ground state of the whole system including the lattice positions and the electrons. Then, rather surprisingly, all the results in section 2 and their proofs in section 3 can be extended to the present (rather complicated) model with little modification.
Let us see some of the crucial steps in the proof. The twist operator is of course defined as (51), where only the degrees of freedom of up-spin electrons are modified. 2 1 − cos(θ j − θ k ) {t j,k (r k ,r j )} † t j,k (r k ,r j ) ,
where we used the Schwarz inequality. It is reasonable to assume that the expectation value {t j,k (r k ,r j )} † t j,k (r k ,r j ) is bounded by some constant. The rest of the proof is essentially the same as before. Note in particular that the proof of Lemma 2 about near orthogonality is carried out as it is because the argument involves only the U (1) phase of up-spin electrons.
